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Abstract
Gauge theories that have been first quantized using the Hamiltonian BRST
operator formalism are described as classical Hamiltonian BRST systems with a
BRST charge of the form 〈Ψ, ΩˆΨ〉even and with natural ghost and parity degrees for
all fields. The associated proper solution of the classical Batalin-Vilkovisky master
equation is constructed from first principles. Both of these formulations can be
used as starting points for second quantization. In the case of time reparametriza-
tion invariant systems, the relation to the standard 〈Ψ, ΩˆΨ〉odd master action is
established.
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1 Introduction
It has been realized in [1, 2, 3] (see also [4]) that the action of open bosonic string field
theory [5, 6], with free part given by the expectation value of the BRST operator, should
be understood as a solution to the classical Batalin-Vilkovisky (BV) master equation.
The collection of fields, ghosts, and all the ghosts for ghosts corresponds to the coefficients
of the states in negative ghost numbers, while the associated antifields correspond to the
coefficients of the states in positive ghost numbers. In the standard gauge field theory
context, however, a proper solution to the Batalin-Vilkovisky master equation is obtained
from a gauge invariant action, a generating set for its non trivial gauge symmetries and,
if needed, associated reducibility operators [7, 8, 9, 10, 11] (see also [12, 13] for reviews).
The purpose of this paper is to construct from basic principles the proper solution of
the master equation associated to a theory first quantized using the Hamiltonian BRST
operator (or ”BFV”) formalism [14, 15, 16] (see also [17]) and to relate it with the
standard master action of [1, 2, 3]. This involves several steps:
1. the reformulation of BRST quantum mechanics as a classical Hamiltonian BRST
system;
2. using the known proper solution of the master equation for Hamiltonian BRST
systems;
3. for time reparametrization invariant systems, relating the constructed master ac-
tion to the standard one by showing that they differ by the quantization of classi-
cally trivial pairs.
The first two steps are treated in section 3, while section 4 is devoted to the last step.
More precisely, for the first step, it has been pointed out by many authors (see
e.g. [18, 19] and [20, 21, 22] for reviews and further references) that the Hilbert space
of quantum mechanics can be understood as a (possibly infinitedimensional) symplectic
manifold and that the Schro¨dinger evolution appears as a Hamiltonian flow on this phase
space. This point of view provides a useful set-up for second quantization. In order to
apply these ideas to gauge systems quantized in the operator formalism according to
the Hamiltonian BRST prescription, one also needs to understand in this context the
physical state condition Ωˆψ = 0, as well as the identification of BRST closed states up
to BRST exact ones. The latter two problems alone have been faced in the context of
string field theory [6, 5, 4, 23], with the somewhat surprising conclusion that the object
〈Ψ, ΩˆΨ〉 is not a BRST charge, but a solution to the master equation. This is due to
the fact that the ghost pair associated to the mass shell constraint is quantized in the
Schro¨dinger representation.
In our approach, we will start by assuming that the number of independent con-
straints is even so that there is also no fractionalization of the ghost number. There is
no loss of generality in this assumption, since one can always include some Lagrange mul-
tipliers among the canonical variables together with the constraints that their momenta
should vanish.
In subsection 3.1, we then associate to BRST quantum mechanics a Ka¨hler super-
manifold. In particular, the even symplectic form of ghost number 0 is determined by the
2
imaginary part of the non degenerate hermitian inner product. In appendixA, we discuss
the geometry of this supermanifold in terms of complex coordinates. In subsection 3.2,
it is shown that, as for non gauge systems, time evolution in the supermanifold corre-
sponds to the Hamiltonian flow determined by the ”expectation value” of the BRST
invariant Hamiltonian H = −1
2
〈Ψ, HˆΨ〉, where Ψ denotes the ”string field”. On the
supermanifold, the physical state condition then coincides with the constrained surface
determined by the zero locus of the BRST charge Ω = −1
2
〈Ψ, ΩˆΨ〉. These constraints are
first class, and so is H. Furthermore, on the supermanifold, the identification of BRST
closed states up to BRST exact ones corresponds to considering Dirac observables, i.e.,
functions defined on the constraint surface that are annihilated by the Poisson bracket
with these constraints. As has been shown in [24], constraints associated to the zero
locus of the BRST charge are special in the sense that the cohomology of the BRST
charge itself provides directly the correct description of these Dirac observables, without
the need to further extend the phase space. In order to make the paper self-contained,
a formal proof adapted to the BRST charge Ω is provided in appendix B. From the
point of view of the symplectic supermanifold, BRST quantum mechanics becomes thus
a classical Hamiltonian BRST system described by H and Ω.
Concerning the second step, the proper solution of the master equation associated
to a first order Hamiltonian gauge theory and its relation to the Hamiltonian BRST
formalism is well known [25, 26, 27, 28, 29, 30, 31, 32, 33]. A convenient ”superfield”
reformulation [34] of such a master action also exists. These are reviewed in section 2
together with the basic formulas of BRST operator quantization1. In subsection 3.3,
the above results are applied to derive the master action S for the classical Hamiltonan
BFV system of Ω and H.
In subsection 4.1, we discuss tensor products of Hamiltonian BRST quantum me-
chanical systems at the level of the associated classical field theories. For later use, the
assumption that the inner product is even is dropped so that the bracket may be either
even or odd. In subsection 4.2, it is shown that the master action S associated to Ω
and H can be directly obtained from the BRST charge ΩˆM of the parametrized system:
the master action is given by S = 1
2
〈ΨM , ΩˆMΨM〉M , where ΨM is the string field of the
parametrized system; the ghost pair of the reparametrization constraint is quantized in
the Schro¨dinger representation so that 〈·, ·〉M is odd.
Finally, to complete the last step, we consider in subsection 4.3 the case of systems
that are already time reparametrization invariant and are quantized with an odd inner
product, originating for instance from the Schro¨dinger representation for the ghosts asso-
ciated to the mass-shell constraint (see e.g. [35, 36]). The master action S is then shown
to differ from the original Sst =
1
2
〈Ψst, ΩˆΨst〉st by two classically trivial pairs, quantized
in the Scho¨dinger representation2. More precisely, we show that S corresponds to the
tensor product of the system described by Sst with the system described by the Hamil-
tonian BRST charge Ωaux associated to the trivial pairs. Had these pairs been quantized
in the Fock representation instead, we use the results of subsection 4.1 to show that S
could have been consistently reduced to Sst. In the Schro¨dinger representation, however,
1Except for the conventions related to complex conjugation, we follow closely reference [12], to which
we refer for further details.
2Trivial pairs in string field theory have been used previously in a different context in [37].
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the master action S involves two more dimensions than Sst. In subsection 4.4, we show
that Ωaux is the BRST charge of complex Abelian Chern-Simons theory. Without ad-
ditional ingredients, the master action S can then not be directly reduced to Sst. This
is not really surprising since the Fock and the Schro¨dinger quantization are not unitary
equivalent. We conclude by giving some additional remarks on the BRST charge Ωaux
and the associated master action.
2 Generalities on BFV and BV formalisms
2.1 Classical Hamiltonian BRST theory
A Hamiltonian approach to gauge theories involves a symplectic manifold M0 with
coordinates zA, constraints Ga0 , which we assume for simplicity to be first class and
even, {Ga0 , Gb0}M0 = Ca0b0
c0Gc0, and a first class Hamiltonian H0 with {H0, Ga0}M0 =
Va0
b0Gb0 . The constraints may be reducible, Z
a0
a1
Ga0 = 0, with a tower of reducibility
equations Z
ak−1
ak Z
ak−2
ak−1 ≈ 0, where ≈ means an equality that holds on the constraint
surface. Even though we use a finite-dimensional formulation, this section also formally
applies to field theories by letting the indices A, a range over both a discrete and a
continuous set.
In the Hamiltonian BRST approach, the phase space is extended to a symplectic
supermanifold M by introducing the ghosts ηak and the ghost momenta Pbk of parity
k + 1 with {Pak , η
bk}M = −δ
bk
ak
. We take these variables to be real. Our convention
for complex conjugation involves transposition of variables together with a minus sign
when exchanging two odd variables. On the extended phase space, the ghost number
of a function A that is homogeneous in ηa and Pb is obtained by taking the extended
Poisson bracket { · , · }M with the purely imaginary function
(2.1) G =
i
2
∑
k
(k + 1)(ηakPak − Pakη
ak) , {A,G}M = igh(A)A .
Out of the contraints, one constructs the nilpotent BRST charge of ghost number 1:
Ω = ηa0Ga0 +
∑
k≥1
ηakZak−1ak Pak−1 + . . . ,
1
2
{Ω,Ω}M = 0.(2.2)
Furthermore, the first class Hamiltonian H0 is extended to the BRST invariant Hamil-
tonian H of ghost number 0 with {H,Ω}M = 0. Physical quantities such as observables
are determined by the BRST cohomology of the differential s = {Ω, · }M in the space
of functions F (z, η,P) on the extended phase space. Time evolution is generated by the
BRST invariant Hamiltonian H according to F˙ = {F ,H}M.
2.2 Master action for first order gauge theories
In this subsection, we discuss in some details the proper BV master action for Hamil-
tonian gauge theories. The reader may wish to skip these details and go directly to the
summary, which is the only part that is explicitly needed in the rest of the paper.
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The information on the symplectic structure, the dynamics and the constraints of
the theory is contained in the extended Hamiltonian action,
SE [z, λ] =
∫
dt (z˙AaM0A −H0 + λ
a0Ga0),(2.3)
where λa0 are Lagrange multipliers. If the symplectic two-form is defined by
(2.4) σM0AB = −
∂RaM0A
∂zB
− (−1)(A+1)(B+1)
∂RaM0B
∂zA
,
the Poisson bracket is determined by
{
zA, zB
}
M0
= σABM0 with σ
AB
M0
σM0BC = δ
A
C . Variation
with respect to all the fields zA, λa0 gives as equations of motions both the dynamical
equations and the constraints:
(2.5) z˙A =
{
zA, H0
}
M0
, Ga0 = 0.
A generating set of gauge symmetries for this action is given by
δǫz
A = ǫa0{Ga0 , z
A}M0 ,(2.6)
δǫλ
a0 = ǫ˙a0 − λc0ǫb0Cb0c0
a0 − ǫb0Vb0
a0 ,(2.7)
for some gauge parameters ǫa0
In the field-antifield approach, the functional which contains all the information on
the classical action and its gauge algebra is the proper solution S of the classical master
equation,
1
2
(S, S) = 0.(2.8)
In the case of the extended Hamiltonian action, the proper solution S is required to start
like the original action (2.3), to which one couples through the antifields z∗A, λ
∗
a0
the gauge
transformation (2.6), (2.7) of the fields with the gauge parameters replaced by the ghosts
Ca0 . One also needs to couple the terms containing the Lagrangian reducibility operators,
(which are determined by the Hamiltonian reducibility operators Z
ak−1
ak ) and introduce
associated ghosts for ghosts and their antifields. The antifields can be chosen to be real
and are defined to be canonically conjugate to the fields with respect to the antibracket
(·, ·). Additional terms in S are then uniquely determined by the master equation (2.8),
up to anticanonical transformations in the antibracket. The proper solution S associated
to (2.3) can then be shown to be given by
S[z, z∗, λ, λ∗, η, η∗] =
∫
dt
(
z˙AaM0A +
∑
k≥0
η˙akPak −H
−z∗A
{
zA,Ω
}
M
−
∑
k≥0
[λak {Pak ,Ω}M + η
∗
ak
{ηak ,Ω}M]
)
,(2.9)
where the identifications Cak = ηak , C∗ak = η
∗
ak
and Pak = −λ
∗
ak
have been made3
3For later convenience, some signs have been changed in equations (2.3), (2.6) and (2.7) with respect
to those of [12]. In (2.9), they imply the change Ω→ −Ω.
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Usually, in order to fix the gauge, one introduces a nonminimal sector, containing
antighosts in ghost number −1, their momenta in ghost number 1 and auxiliary fields in
ghost number 0. Then, a gauge fixing fermion Υ in ghost number −1 that depends only
on the fields is chosen. The choice of Υ is determined by the requirement that there be
no more gauge invariance in the dynamics generated by the nonminimal master action
obtained after application of the anticanonical transformation generated by Υ and after
setting to zero the transformed antifields. This gauge fixed action can be taken as a
starting point for a path integral quantization and the partition function can (formally)
be shown to be independent of the choice of Υ.
For the master action (2.9), it is possible to fix the gauge without introducing a non-
minimal sector: indeed, by considering the anticanonical transformation which consists
in the exchange of fields and antifields for the sector of the Lagrange multipliers,
(λak , λ∗ak) −→ (−λ
∗
ak
, λak) ≡ (Pak ,P
∗ak),(2.10)
the equations of motion are in first order form. The new fields are then the fields
zα = (zA, ηak ,Pak) that are naturally associated with the Hamiltonian BRST formalism.
The antibracket for two functionals A[z, z∗], B[z, z∗] is defined by
(A,B)[z, z∗] =
∫
dt
[ δRA
δzα(t)
δLB
δz∗α(t)
− (zα ←→ z∗α)
]
.(2.11)
The solution S of the master equation (2.5) can be rewritten in a compact way as
(2.12) S[z, z∗] =
∫
dt (z˙αaMα −H − {z
∗
αz
α,Ω}M).
An additional gauge fixing generated by the fermion Υ =
∫
dt K(z) can then be con-
sidered. Its effect is to change the BRST invariant Hamiltonian by a BRST exact term,
H → H + {K,Ω}. Note that after putting to zero the antifields z∗α, the constraint equa-
tions (2.5) are no longer imposed as equations of motions since the associated fields have
been put to zero.
In the following, we will not put to zero the antifields obtained after a canonical
transformation generated by Υ. This is because during the renormalization process,
the antifields allow to conveniently control the Ward identities due to BRST invariance
under the form of the Zinn-Justin equation for the effective action. To lowest order in ~,
it is the antifield dependent BRST cohomology of the differential s = (S, ·) that controls
gauge invariance on the quantum level. This cohomology is invariant under canonical
transformations and the introduction of a non minimal sector. Hence, from this point of
view, one can forget about gauge fixing and directly discuss the cohomology associated
to the master action (2.12). In turn, this cohomology computed in the space of functions
in the fields zα, the antifields z∗α and their (space)time derivatives can be shown to be
isomorphic to the Hamiltonian BRST cohomology of the differential sΩ = {Ω, ·}M in the
space of functions in zα (and their spatial derivatives). In the space of local functionals,
which is the relevant space in the context of renormalization, the relation between with
the Hamiltonian BRST cohomology is more involved [38].
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Summary:
From the above construction of the solution (2.12) to the classical master equation, we
can learn the following. Suppose that the following data is given:
• a (super) phase space with coordinates zα and symplectic 2 form generated by
aα(z) with associated Poisson bracket {z
α, zβ} = σαβM (z),
• a ghost number grading G on the phase space,
• a nilpotent BRST charge Ω in ghost number 1, whose cohomology determines the
physically relevant quantities on the phase space,
• a BRST invariant Hamiltonian H in ghost number 0 determining the time evolu-
tion.
Then, in the space of functionals in the fields zα(t) and additional independent antifields
z∗α(t) of ghost number −gh(z
α) − 1 equipped with the antibracket given by (2.11), the
proper solution of the master equation is given by (2.12). In order to recover the gauge
invariant equations of motion (including the constraints) after putting to zero the anti-
fields, the interpretation of which are the fields and which are the antifields should be
reversed for the fields in negative ghost number, (Pa,P
∗a) ≡ (−λ∗a, λ
a) −→ (λa, λ∗a).
2.3 Superfield reformulation
A superfield reformulation [34] of the master action (2.12) is achieved by introducing an
additional Grassmann odd variable θ of ghost number one.
Given an extended phase space M, one associates a space Σ of maps zα = zαS (t, θ)
from the (1|1)-dimensional superspace spanned by t and θ to M. This space is a super-
extension of the space of field histories zα(t) (maps from t to M). Functionals on Σ can
be identified with functionals in the fields and antifields of the previous section. Indeed,
one can expand zαS(t, θ) into components
(2.13) zαS(t, θ) = z
α(t) + θz∗β(t)σ
βα
M (z(t)) ,
which is consistent with the various ghost number assignments. To every functional A[zS]
one can associate the functional A[z, z∗] obtained by using this expansion. Conversely,
to every functional A[z, z∗] corresponds the functional A[zS] = A[
∫
dθθzS,
∫
dθzSσ(zS)].
Functionals on Σ are equipped with the odd Poisson bracket
(A,B)[zS] = (−1)
|A|+1
∫
dtdθ
δRA
δzαS(t, θ)
σ
αβ
M (zS(t, θ))
δLB
δz
β
S(t, θ)
,(2.14)
with (A,B)[z + θz∗σ−1] = (A,B)[z, z∗]. This Poisson bracket is odd and of ghost num-
ber 1. Functional derivatives are defined as
δA =
∫
dtdθ δzα(t, θ)
δLA
δzα(t, θ)
=
∫
δRA
δzα(t, θ)
δzα(t, θ) dtdθ.(2.15)
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The master action S[zS ] corresponding to S[z, z
∗] given in (2.12) can then be written as
(2.16) S[zS ] =
∫
dtdθ
[
DzαSa
M
α (zS)− θH(zS)− Ω(zS)
]
,
with D = θ ∂
∂t
.
The superfield reformulation regroups fields and antifields in convenient supermulti-
plets so that the antibracket is induced by the extended Poisson bracket.
2.4 BRST operator quantization
The BRST operator quantization consists in realizing the functions on the extended
phase space as linear operators in a super Hilbert space H together with the correspon-
dence rule [Aˆ, Bˆ] = i~{̂A,B} + O(~2), where [·, ·] denotes the graded commutator and
A,B are phase space functions with associated linear operators Aˆ, Bˆ.
These rules imply in particular that 1
2
[Ωˆ, Ωˆ] = O(~2) = [Hˆ, Ωˆ]. In the following, we
assume that we are in the non anomalous case, where
1
2
[Ωˆ, Ωˆ] = 0, [Hˆ, Ωˆ] = 0,(2.17)
and Ωˆ, Hˆ are hermitian operators in the inner product 〈ψ, φ〉, which is non degenerate
but not necessarily positive definite and makes the real classical variables hermitian
operators. Furthermore, we take ~ = 1. For a super Hilbert space,
〈ψ, φ〉 = (−1)|ψ||φ|〈φ, ψ〉,(2.18)
〈ψ, Aˆφ〉 = (−1)|A||ψ|〈Aˆ†ψ, φ〉,(2.19)
where |φ|, |A| denotes the Grassmann parity of the state, respectively the operator Aˆ.
The relation to standard Hilbert space with even and odd elements, for which the above
formulas do not involve sign factors, is explained for instance in [39].
In what follows, we are not interested in a probabilistic interpretation of the quantum
theory, but rather in an associated classical field theory. This is the reason why we are
not concerned here with questions related to the normalizability of states or to the infinite
dimensionality of the Hilbert space.
The ghost number of an operator is obtained by taking the graded commutator
(from the left) with the antihermitian operator Gˆ. We assume that H splits as a sum
of eigenstates of Gˆ, H = ⊕pHp with Gˆψp = pψp for ψp ∈ Hp. It then follows from the
antihermiticity of Gˆ that 〈ψp, φp′〉 6= 0 only if p + p
′ = 0. This means that the ghost
number of the scalar product 〈, 〉 is zero. The ghost number p of a state can be shown
to be p = p0 + k for some integer k with p0 = 0 or p0 =
1
2
.
The case where p0 =
1
2
arises if the number of independent constraints is odd. In
this case, one can include some of the Lagrange multipliers λa and their momenta ba
among the canonical variables, {λa, bb} = δ
a
b , together with the new constraint ba ≈ 0.
On the level of the classical BRST formalism, this implies adding to the extended phase
space the antighosts C¯a of ghost number −1 and their momenta ρ
a of ghost number 1,
8
{ρa, C¯b} = −δ
a
b . All these variables are chosen to be real. The BRST charge of the
system is then modified by the addition of the non minimal piece Ωnm = ρaba. Hence, by
adding the cohomologically trivial pairs (λa, ba), (ρ
a, C¯a), one can always assume p0 = 0,
which is what we do unless otherwise specified. We also assume that the inner product
is even, 〈ψ, φ〉 = 0 if ψ and φ are of opposite parity.
Physical operators are described by hermitian operators Aˆ such that
[Aˆ, Ωˆ] = 0,(2.20)
where two such operators have to be identified if they differ by a BRST exact operator
Aˆ ∼ Aˆ + [Bˆ, Ωˆ].(2.21)
These two equations define the BRST operator cohomology.
Similarily, physical states are selected by the condition
Ωˆψ = 0.(2.22)
Furthermore, BRST exact states should be considered as zero, or equivalently, states
that differ by a BRST exact ones should be identified
ψ ∼ ψ + Ωˆχ.(2.23)
These two equations define the BRST state cohomology.
Finally, time evolution is governed by the Schro¨dinger equation
i
dψ
dt
= Hˆψ.(2.24)
3 BFV and BV formalisms for BRST first quantized
gauge systems
3.1 Geometry of BRST quantum mechanics
Let {ea} be a basis over R of the graded Hilbert space H such that the basis vectors
are of definite Grassmann parity |a| and ghost number gh(ea). A general vector can be
written as ψ = eak
a, with ka ∈ R. To each ea, one associates a real variable Ψ
a of parity
|a| and ghost number −gh(ea). These variables are coordinates of a supermanifold MH
associated to H. The algebra of real valued functions on this supermanifold is denoted
by G. Introducing the right module HG = H⊗G [40], the ”string field” appears as the
particular element Ψ = eaΨ
a of this module. At this stage, it is even and of total ghost
number 0.
The sesquilinear form 〈·, ·〉 on H can be extended to elements ψf and φg of HG, with
f(Ψ), g(Ψ) ∈ G by the rule
〈ψf, φg〉 = (−1)|f ||φ|〈ψ, φ〉fg .(3.1)
A linear operator Aˆ on H is naturally extended to HG: Aˆ(ψf) = (Aˆψ)f .
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The real and imaginary parts of this inner product,
〈ψ, φ〉 = g(ψ, φ) + iω(ψ, φ)(3.2)
are respectively graded symmetric and graded skew symmetric,
g(ψ, φ) = (−1)|ψ||φ|g(φ, ψ) ,(3.3)
ω(ψ, φ) = −(−1)|ψ||φ|ω(φ, ψ).(3.4)
The forms g(·, ·) and ω(·, ·) are extended to HG in the same way as 〈·, ·〉.
If H is considered as a superspace over real numbers, both g(ψ, φ) and ω(ψ, φ) are
R-bilinear forms on H. The complex structure Jˆ is the linear operator that represents
multiplication by i. As a consequence,
g(Jˆφ, Jˆψ) = g(φ, ψ) , ω(Jˆφ, Jˆψ) = ω(φ, ψ) .(3.5)
g(Jˆφ, ψ) = ω(φ, ψ) .(3.6)
Furthermore, the operator Jˆ commutes with C-linear operators.
Introducing the coefficients ωab = (−1)
|a|ω(ea, eb) and defining ω
ab through ωabωbc =
δac , an even graded Poisson bracket on G of ghost number 0 is defined by
(3.7) {f, g} =
∂Rf
∂ψa
ωab
∂Lg
∂ψb
.
To each antihermitian operator Aˆ, one associates a real quadratic function FAˆ(Ψ) ∈ G
by
(3.8) FAˆ(Ψ) =
1
2
〈Ψ, −JˆAˆΨ〉 .
Antihermiticity implies that FAˆ(Ψ) =
1
2
ω(Ψ, AˆΨ) = −1
2
ω(AˆΨ,Ψ). This map is an
homomorphism from the super Lie algebra of antihermitian operators to the super Lie
algebra of quadratic real functions in G equipped with the Poisson bracket
(3.9) {FAˆ, FBˆ} = F[Aˆ,Bˆ] .
The map is compatible with parity and ghost number assignments, gh(FAˆ) = gh(Aˆ),
|FAˆ| = |Aˆ|.
For hermitian operators, we define A(Ψ) = F−JˆAˆ. Because of hermiticity
A(Ψ) = −
1
2
〈Ψ, AˆΨ〉 = −
1
2
g(Ψ, AˆΨ) = −
1
2
g(AˆΨ,Ψ).(3.10)
Furthermore, the properties of Jˆ imply that
{A,B} = −
1
2
〈Ψ, [Aˆ, Bˆ]Ψ〉.(3.11)
In particular, for the hermitian BRST charge Ωˆ and the hermitian BRST invariant
Hamiltonian Hˆ , equations (2.17) imply
(3.12)
1
2
{Ω,Ω} = 0, {H,Ω} = 0,
where H,Ω are of total ghost numbers 0 and 1 respectively.
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3.2 BRST quantum mechanics as classical BFV system
The Schro¨dinger equation in terms of Ψa can be written as
dΨa
dt
= −(JˆHˆΨ)a = {Ψa,H},(3.13)
so that time evolution of elements f(Ψ) ∈ G is determined by the Hamiltonian flow of
H,
df
dt
= {f,H}.(3.14)
On MH, the physical state condition (2.22) defines a submanifold, the constraint
surface determined by
ΩˆabΨ
b ≈ 0.(3.15)
Because
{·,Ω} =
∂R·
∂Ψa
(−JˆΩˆΨ)a ,(3.16)
the constraint surface can be identified with the zero locus of the Hamiltonian vector
field associated to Ω,
Ga ≡ {Ψa,Ω} ≈ 0 .(3.17)
By using the graded Jacobi identity for the Poisson bracket and taking (3.12) into ac-
count, these constraints are easily shown to be first class,
{Ga,Gb} = {{Ψa,Ω}, {Ψb,Ω}} = {{{Ψa,Ω},Ψb},Ω}
=
∂R{{Ψa,Ω},Ψb}
∂Ψc
Gc ≈ 0.(3.18)
Furthermore, since Ω is quadratic in Ψ, these constraints are in fact abelian,
{Ga,Gb} = 0.(3.19)
On MH, the identification (2.23) of states up to BRST exact ones, corresponds to
taking functions on G that are annihilated by the distribution generated by Ωˆab
∂L·
∂Ψa
. This
distribution is equivalently generated by the adjoint action of the constraints {Ga, ·}.
The Hamiltonian H is also first class,
{H,Ga} = {{H,Ψa},Ω} =
∂R{H,Ψa}
∂Ψb
Gb.(3.20)
Hence, from the point of view of MH, BRST quantum mechanics becomes a clas-
sical constraint Hamiltonian system. According to the Dirac theory, an observable is a
function f(Ψ) ∈ G such that {f,Ga} ≈ 0. Two such functions should be considered
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equivalent if they coincide on the constraint surface, f ∼ f + λaG
a. Equivalence classes
of observables then form a Poisson algebra with respect to the induced bracket.
The classical Hamiltonian BRST approach described in subsection 2.1 consists in
extending the phase space in order to encode this Poisson algebra in terms of the coho-
mology of a BRST charge. This will however not be straightforward in the case of the
zero locus constraints Ga, because they are reducible due to the nilpotency of Ω, and
for the obvious reducibility operators, they are infinitely reducible.
In fact, it turns out that for the zero locus constraints Ga, there is actually no need to
extend the phase space. Indeed, the Poisson algebra of equivalence classes of observables
is isomorphic to the cohomology of the BRST charge Ω itself, equipped with the induced
Poisson bracket. This has been shown in [24], where constraint systems originating from
the zero locus of a generic Hamiltonian BRST differential have been analyzed. A proof
adapted to the particular BRST charge Ω is given in appendix B.
As a side remark, let us note that treating the zero locus of the BRST charge as a
constraint surface is analogous to considering the master action S as a classical action;
in this case, the zero locus of the BRST differential s = (S, ·) is the stationary surface
associated to S (see e.g. [41, 42, 24]).
3.3 Proper master action for BRST quantum mechanics
According to subsection 2.2, the solution of the master equation associated to the classical
Hamiltonian BRST system on the phase space MH described by H and Ω is given by
S[Ψ,Ψ∗] =
∫
dt [
1
2
ω(Ψ,
d
dt
Ψ)−H− {Ψ∗aΨ
a,Ω}](3.21)
which can be written as
(3.22) S[Ψ,Ψ∗] =
1
2
∫
dt
(
− i〈Ψ,
d
dt
Ψ〉+ 〈Ψ, HˆΨ〉−
− 〈Ψ˜∗, ΩˆΨ〉+ 〈Ψ, ΩˆΨ˜∗〉
)
,
where Ψ˜∗a = Ψ∗bω
ba and Ψ˜∗ = eaΨ˜
∗a. As explained in section 2.2, the role of fields and
antifields has been exchanged for those fields that are in strictly negative ghost numbers.
According to subsection 2.3, we now introduce
ΨaS(t, θ) = Ψ
a(t) + θΨ˜∗a(t),(3.23)
and also the ghost number 0 object
ΨS = eaΨ
a
S(t, θ).(3.24)
The proper solution (3.22) can then be written as
(3.25) S[ΨS] =
1
2
∫
dtdθ
(
− iθ〈ΨS,
d
dt
ΨS〉+ θ〈ΨS, HˆΨS〉+ 〈ΨS, ΩˆΨS〉
)
.
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By construction, it satisfies the master equation with respect to the antibracket (2.13),
with zAS (t, θ) replaced by Ψ
a
S(t, θ),
(A,B)[ΨS] = (−1)
|A|+1
∫
dtdθ
δRA
δΨaS(t, θ)
ωab
δLB
δΨbS(t, θ)
.(3.26)
For later purposes, it will be useful to rewrite the master action as
(3.27) S[ΨS] =
1
2
∫
dtdθ 〈ΨS, (−iθ
d
dt
+ θHˆ + Ωˆ)ΨS〉 .
4 Master action and time reparametrization invari-
ance
4.1 Tensor constructions
Given two first quantized BRST systems with super-Hilbert spaces Hi, i = 1, 2, their
respective BRST charges Ωˆi and Hamiltonians Hˆi, the tensor product HT = H1 ⊗C H2
is again a super Hilber space. For later use, we do not assume in this section that the
inner products on Hi are even, but we allow them to be of arbitrary parity εi. We also
admit the possibility of fractionalization of the ghost number. The Grassmann parity
and the ghost number of the state φ1 ⊗ φ2 is naturally |φ1| + |φ2| and gh(φ1) + gh(φ2)
respectively. The inner product on HT is determined by
(4.1) 〈φ1 ⊗ φ2, ψ1 ⊗ ψ2〉T = (−1)
|ψ1||φ2|〈φ1, ψ1〉1〈φ2, ψ2〉2 .
It is of parity ε1+ε2 and non degenerate (forHT considered as a complex space) provided
the ones on H1 and H2 are.
Linear operators Aˆi on Hi determine a linear operator AˆT on HT by
(4.2) AˆT (φ1⊗ψ2) = (Aˆ1⊗1+1⊗ Aˆ2)(φ1⊗ψ2) = (Aˆ1φ1)⊗ψ2+(−1)
|A2||φ1|φ1⊗ (Aˆ2ψ2) .
The various definitions imply that
(4.3) Aˆ†T = (Aˆ1 ⊗ 1 + 1⊗ Aˆ2)
† = Aˆ†1 ⊗ 1+ 1⊗ Aˆ
†
2 ,
and
(4.4) [AˆT , BˆT ] = [Aˆ1, Bˆ1]⊗ 1+ 1⊗ [Aˆ2, Bˆ2] .
In particular, the BRST charges Ωˆi and the BRST invariant Hamiltonians Hˆi determine
hermitian operators ΩT and HˆT such that
1
2
[ΩˆT , ΩˆT ] = 0 and [HˆT , ΩˆT ] = 0. Furthermore,
(4.5) H(ΩˆT ,HT ) = H(Ωˆ1,H1)⊗CH(Ωˆ2,H2).
The formal proof is elementary and given in appendix C.
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If {eα, eα¯} is a basis of H
C
1 (see appendix A), while {EΛ, EΛ¯} is a basis of H
C
2 , then
{eα⊗EΛ, eα¯⊗EΛ¯} is a basis of H
C
T . For these basis vectors, one can consider the complex
coordinates ΨαΛ and Ψ¯α˙Λ˙ for the supermanifold MT associated to the superspace HT
and also the associated complex valued functions GCT . The string fields can now be
defined by
ΨT = (eα ⊗ eΛ)Ψ
αΛ + (eα¯ ⊗ EΛ¯)Ψ
α¯Λ¯ .(4.6)
The functions
ΩT = −
1
2
〈ΨT , ΩˆTΨT 〉T , HT = −
1
2
〈ΨT , HˆTΨT 〉T ,(4.7)
satisfy
1
2
{ΩT ,ΩT}T = 0 = {HT ,ΩT}T ,(4.8)
where { · , · }T denotes a Poisson bracket or antibracket on G
C
T determined by imaginary
part of 〈·, ·〉T . Note, however, that when 〈·, ·〉T is odd, so is the Poisson bracket {·, ·}GT
C
.
In this case, it is also called ”antibracket” and ΩT is a master action.
If {eθ, eθ¯}, {EΘ, EΘ¯} are bases over C of H(Ωˆ1,H
C
1 ), H(Ωˆ2,H
C
2 ), it follows from
appendix B and appendix C that the cohomology of {·,ΩT}GT is isomorphic to real
functions in ΨθΘ and Ψθ¯Θ¯. In particular, if H(Ωˆ2,H2) is a one dimensional space over C
with basis vector E such that gh(E) = 0, |E| = 0, then H(ΩT ,HT ) ≃ H(Ω1,H1). It also
follows that the cohomology of {·,ΩT}GT in GT is isomorphic to that of {·,Ω1}G1 in G1.
Suppose that H2 contains a quartet or a null doublet. Let Λ = (i,Λ
′), where i runs
over the states of the quartet or the null doublet. Not only do these states not contribute
to the cohomology, but they can also be consistently eliminated from ΩT by reducing
the string field used in the construction of ΩT to
Ψ′T = (eα ⊗EΛ′)Ψ
αΛ′ + (eα¯ ⊗ EΛ¯′)Ψ
α¯Λ¯′ .(4.9)
This elimination is algebraic. If the parity of 〈·, ·〉T is odd, it corresponds to the elimina-
tion of ”generalized auxiliary fields” of the master action discussed in [31]. In the case
where the parity 〈·, ·〉T is even, it is an Hamiltonian analogue of this concept.
4.2 Reinterpretation of master action for BRST quantum me-
chanics
Consider now the super Hilbert space Ht,θ obtained by quantizing the phase space
(t, p0), (θ, π) in the Schro¨dinger representation. The wave functions are ϕ(t, θ) = ϕ0(t)+
θϕ1(t), while the inner product is given by
(4.10) 〈ϕ, ̺〉t,θ =
∫
dtdθ ϕ¯(t, θ)̺(t, θ) .
The ghost number operator is given by Gˆt,θ = θ
∂
∂θ
−
1
2
so that gh(ϕ0(t)) = −
1
2
,
gh(θϕ1(t)) =
1
2
and we take |φ0(t)| = 0, |θϕ1(t)| = 1 so that the inner product is
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Grassmann odd and of ghost number 0. For the super Hilbert space HM = H ⊗C Ht,θ,
where H is an even super Hilbert space, states are of the form eak
a
0(t)+eaθk
a
1(t). Real co-
ordinates on the supermanifoldMHM associated to HM can be chosen as k
a
0(t)→ Ψ
a(t),
ka1(t)→ Ψ˜
∗a(t). The ghost number 0 object ΨS introduced in (3.24) can now be identi-
fied with the string field ΨM associated to HM , ΨS ≡ ΨM . The odd inner product on
HM is denoted by 〈·, ·〉M and extended to HM ⊗ GM , where GM is the algebra of real
functions in Ψa(t), Ψ˜∗a(t). The master action (3.27) can now be written as
S[ΨM ] =
1
2
〈ΨM , ΩˆMΨM〉M ,(4.11)
ΩˆM = θˆ(pˆ0 + Hˆ) + Ωˆ.(4.12)
In this case, the imaginary part of this inner product determines an odd symplectic
structure onMHM . Its inverse is an antibracket, which coincides with (3.26), up to ghost
number assignments discussed below. Only when the BRST invariant Hamiltonian Hˆ
vanishes is ΩˆM the tensor product of the BRST charges Ωˆ and θˆpˆ0.
From the expression of ΩˆM , we can deduce how to arrive directly at (4.11): make the
original classical Hamiltonian system time reparametrization invariant by including the
time t and its conjugate momentum p0 among the canonical variables and adding the
first class constraint p0+H0 ≈ 0. The BRST charge for this system is then given by ΩM ,
with (θ, π) the ”time reparametrization” ghost pair associated with this new constraint.
The quantization of this system then leads directly to HM with its odd inner product
and the master action (4.11).
From the point of view of HM , the ghost numbers of fields and antifields are half
integer and differ from the standard ones by one half. In particular physical fields are
those at ghost number 1
2
). This originates from the additional ghost number operator
Gˆt,θ and our convention for the string field ghost number. Indeed, the fields Ψ
a(t), Ψ˜∗a
now have ghost numbers 1
2
−gh(ea) and −
1
2
−gh(ea) instead of −gh(ea) and −1−gh(ea),
which is the natural assignment from the point of view of the BFV system associated
to BRST quantum mechanics, and, as explained in subsection 3.3, also leads to the
standard ghost number assignments in the associated BV formalism. From the point
of view of HM the standard ghost number assignment for the fields, antifields and the
antibracket are thus obtained by shifting the ghost number by 1
2
so that the inner product
carries ghost number −1, while the antibracket is of ghost number 1.
To summarize, we have thus shown that (4.11) is the proper solution of the master
equation for a first quantized BRST system defined by Hˆ and Ωˆ on H. The antibracket
is determined by the inverse of the imaginary part of the inner product 〈·, ·〉M defined
on HM . Moreover, after shifting, all physical fields are among the fields associated to
ghost number zero states while those associated to negative and positive ghost number
states are respectively ghost fields and antifields.
4.3 Time reparametrization invariant systems
Suppose now that the BRST invariant HamiltonianH vanishes, as in time reparametriza-
tion invariant systems. Suppose furthermore that the original system has an odd in-
ner product 〈·, ·〉st. This is the case for instance for the relativistic particle or for the
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open bosonic string, where the ghost pair (η,P) associated to the mass-shell constraint
p2 + m2 ≈ 0, respectively L0 ≈ 0, is quantized in the Schro¨dinger representation. Ac-
cording to our discussion in subsection 2.4, in order to have an even inner product and
no fractionalization of the ghost number, the system is extended to include the La-
grange multiplier λ and its momentum b, together with the ghost pair (C¯, ρ) associated
to the constraint b ≈ 0. The BRST charge picks up the additional term bρ and the
pairs (λ, b), (C¯, ρ) are both quantized in the Schro¨dinger representation, yielding the
odd Hilbert space Hλ,C¯ . Hence, the even Hilbert space H with BRST charge Ωˆ is of the
form Hst ⊗C Hλ,C¯ , where Hst is odd with Ωˆ the tensor product of Ωˆst and bˆρˆ.
The master action (4.11) can then be understood as resulting from the original system
described by the odd Hilbert spaceHst, the BRST operator Ωˆst and the associated master
action
Sst =
1
2
〈Ψst, ΩˆstΨst〉st,(4.13)
tensored with the system described by the even Hilbert space Haux = Hλ,C¯ ⊗CHt,θ with
inner product 〈·, ·〉aux, the BRST operator Ωˆaux = bˆρˆ ⊗ 1 + 1 ⊗ θˆpˆ0 and the associated
BRST charge
Ωaux = −
1
2
〈Ψaux, ΩˆauxΨaux〉aux .(4.14)
On the classical level, the auxiliary system is described by the pairs ((λ, b), (t, p0)), the
constraints b ≈ 0 ≈ p0 and the ghost pairs ((C¯, ρ), (θ, π)). The associated BRST charge
Ωaux = ρb+ θp0 describes 2 trivial pairs and its cohomology is generated by a constant.
On the classical level, one can thus simply get rid of these pairs. The question then is
whether first quantized BRST systems (and the associated classical field theories) that
differ by the quantization of classically trivial pairs are equivalent.
If the 2 pairs had been quantized in the Fock instead of the Schro¨dinger representa-
tion, then equivalence could have been directly established. Indeed, all the states except
for the Fock vacuum | 0〉 form quartets. Hence, according to the discussion in subsection
4.1, the proper master action (4.14) can be consistently reduced to the master action Sst.
4.4 Quantization of trivial pairs and Chern-Simons
When the 2 pairs are quantized in the Schro¨dinger representation, it is convenient to
rename them as σ1, p1, σ
2, p2, with [σˆ
α, pˆβ] = iδ
α
β . The associated fermionic ghost pairs
are η1,P1, η
2,P2, with gh(η
α) = 1 gh(Pα) = −1 and [Pˆα, ηˆ
β] = −iδβα. Wave functions
and inner product are chosen as
(4.15) 〈φ, ψ〉 =
∫
dσ1dσ2dη1dP2 φ¯(σ, η
1,P2)ψ(σ, η
1,P2) =
=
∫
dσ1dσ2dη1dP2 hijφ
i(σ, η1,P2)ψ
j(σ, η1,P2) ,
where in the second line we have expressed the hermitian inner product in C in terms
of two component real-valued wave functions. The BRST charge and ghost number
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operators are given by
(4.16) Ωˆaux = −iη
1 ∂
∂σ1
−
∂
∂σ2
∂
∂P2
, Gˆ = η1
∂
∂η1
− P2
∂
∂P2
.
In particular, states of the form ψ(x), η1ψ(x), P2ψ(x), and η
1P2ψ(x) are respectively of
ghost degrees 0, 1,−1, and 0.
The associated string field is
(4.17) Ψ =
∫
d2σ |σ〉ei
(
Φi2(σ) + η
1P i(σ) + P2D
i(σ) + η1P2Φ
i
1(σ)
)
,
where the Φi2(σ),Φ
i
1(σ), P
i(σ), Di(σ) are the coordinates on the supermanifold associated
to the Hilbert space. Their Grassmann parities and ghost numbers are
(4.18)
|Φi2| = |Φ
i
1| = 0, |P
i| = |Di| = 1
gh(Φi2) = gh(Φ
i
1) = 0 , gh(P
i) = −1 , gh(Di) = 1 ,
so that gh(Ψ) = 0, |Ψ| = 0. From a geometrical point of view, this supermanifold can
be understood as the supermanifold of maps from the supermanifold with coordinates
σα, η1,P2 (configuration space) to C viewed as a 2-dimensional real space. The Poisson
bracket corresponding to the symplectic form Im〈·, ·〉 is determined by
(4.19)
{
Φi2(σ),Φ
j
1(σ
′)
}
= −ωijδ(σ − σ′) ,
{
Di(σ), P j(σ′)
}
= ωijδ(σ − σ′) .
Let J ij and ωij denote the complex structure and the symplectic form on C respec-
tively. Integrating out the Grassmann odd variables η1,P2, using integrations by parts
and redefining the variables as Ai2 = Φ
i
2, A
i
1 = −J
i
jΦ
j
1 and C
i = J ijD
j, the BRST charge
becomes
(4.20) Ωaux = −
∫
dσ1dσ2 gij
[
Ai2∂1C
j − Ai1∂2C
j
]
.
In terms of the new variables, the Poisson bracket is determined by
(4.21)
{
Ai1(σ), A
j
2(σ
′)
}
= −gijδ(σ − σ′) ,
{
C i(σ), P j(σ′)
}
= −gijδ(σ − σ′) ,
where gij = −J ikω
kj and satisfies gijg
jk = δik. The adjoint action s = { · ,Ωaux} reads
(4.22) sAiα = ∂αC
i , sC i = 0 , sP i = −∂1A
i
2 + ∂2A
i
1 .
From this it follows that the BRST charge Ωaux is the BRST charge of complex Abelian
Chern-Simons theory. We conclude by giving some additional remarks on this BRST
charge and the associated master action.
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Remark 1: Superfield formulation
Introducing the Grassmann odd superfields Λi of ghost number 1
(4.23) Λi(σ, η) = C i(σ) + ηαAiα(σ) + η
2η1P i(σ),
the brackets (4.21) are equivalent to
(4.24)
{
Λi(σ, η),Λj(σ′, η′)
}
= −gijδ(σ − σ′)δ(η − η′) .
The BRST charge (4.20) can then be rewritten as
(4.25) Ωaux = −
1
2
∫
dσ1dσ2dη1dη2 gijΛ
i(η1∂1 + η
2∂2)Λ
j .
Applying the superfield reformulation to get the master action for a BFV system de-
scribed by the BRST charge Ω and vanishing Hamiltonian, one gets
(4.26) S =
1
2
∫
dσ0dσ1dσ2dη0dη1dη2 gij
(
ΛiS(η
0∂0 + η
1∂1 + η
2∂2)Λ
j
S
)
,
where the time coordinate is denoted by σ0, the associated Grassmann odd variable by
η0 and ΛiS is the superfield depending on σ
µ, ηµ, with µ = 0, 1, 2.
This coincides with the well-known AKSZ representation [43] of the master action for
Abelian Chern Simons theory. The standard formulation can be recovered by identifying
ηµ with dσµ so that the action takes the form S = 1
2
∫
gij(Λ
i
S ∧ dΛ
j
S), where d is the de
Rham differential.
Remark 2: Coordinate representation for the ghosts
If both ghost pairs are quantized in the coordinate representation, one can arrive directly
at (4.25) because the superfield (4.23) then appears as the projection of the string field
on 〈σ|. Indeed, the BRST and ghost number operator act on the states as
(4.27) Ωˆ = −iηα
∂
∂σα
, Gˆ = ηα
∂
∂ηα
− 1 .
In particular, states of the form ψ(σ), ηαψα(σ), and η
2η1χ(σ) are respectively of ghost
degrees −1, 0, and 1. In order to have a bosonic field theory, we assign Grassmann parity
k mod 2 to the states of ghost degree k. This implies defining the inner product on the
super Hilbert space by
(4.28) 〈φ, ψ〉 = −i(−1)|ψ|
∫
dσ1dσ2dη1dη2 φ(σ, η)ψ(σ, η) ,
so that 〈φ, ψ〉 = (−1)|φ||ψ|〈ψ, φ〉. The associated string field of total ghost number and
Grassmann parity zero is now
(4.29) Ψ =
∫
d2σ |σ〉eiΛ
i(σ, η) ,
and the corresponding Ω = −1
2
〈Ψ, ΩˆΨ〉 coincides with (4.25).
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Remark 3: Non Abelian Chern-Simons theory
In [43], the expression for the master action is derived for the Lie algebra of a compact
Lie group. Using the same reasoning as above, it can easily be shown that the associated
BRST charge can be compactly written as
Ω = −
1
2
∫
dσ1dσ2dη1dη2
(
gIJΛ
I(η1∂1 + η
2∂2)Λ
J +
1
3
fIJKΛ
IΛJΛK
)
,(4.30)
where gIJ denotes the invariant metric and fIJK = gILf
L
JK . Put differently, the BRST
charge for Chern-Simons theory has exactly the same form as the AKSZ master action
(and therefore the classical action). Only the source supermanifolds are different: for
the master action, the superdimension is (3|3), while for the BRST charge it is (2|2).
Similar remarks apply for the BRST charge and the master action of the Poisson
sigma model [44, 45, 46].
5 Discussion
The new feature of the present paper is the shift of emphasis, on the level appropriate
for second quantization, from the master action to the BRST charge. Given a gauge
system quantized according to the Hamiltonian BRST approach, one can always make
the number of constraints even if necessary. The associated object Ω = −1
2
〈Ψ, ΩˆΨ〉 is
then a nilpotent BRST charge with respect to the even Poisson bracket induced by the
imaginary part of the inner product. Out of this BRST charge, the master action can
be constructed according to a standard procedure. In particular, for closed string field
theory for instance, Ω is naturally a BRST charge, without the necessity of adding trivial
pairs. We plan to discuss this issue in more details in future work.
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Appendix A: Formulation of supermanifold in terms of complex
coordinates
The geometrical structures on the supermanifold MH can be conveniently expressed in
terms of complex coordinates. We follow [47].
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Consider the complexification HC = H ⊗R C where H is considered as above as a
superspace over R. The complex conjugation of a vector of the form αψ, ψ ∈ H, α ∈ C
is defined as α¯ψ so that the original Hilbert space H is a subspace (over R) of vectors
satisfying ψ¯ = ψ.
All R-linear operations on H can be be extended to HC by C-linearity. In particular,
HC decomposes as HC = H1,0 ⊕H0,1 with
(5.1) Jˆψ = iψ ∀ψ ∈ H1,0 , Jˆφ = −iφ ∀φ ∈ H0,1 .
Complex conjugation defines a real linear isomorphism between H1,0 and H0,1. Intro-
ducing a basis {eα} for H
1,0 and {eα¯} for H
0,1 such that eα = eα¯, the inner product 〈·, ·〉
extended by C bi-linearity is determined by
(5.2) 〈eα¯, eβ〉 = (−1)
|α¯|hα¯β , 〈eα, eβ¯〉 = 〈eα, eβ〉 = 〈eα¯, eβ¯〉 = 0 .
The graded-symmetric and graded-antisimmetric components g and ω of 〈, 〉 are deter-
mined by
g(eα¯, eβ) =
1
2
(−1)|α¯|hα¯β , g(eα, eβ¯) =
1
2
(−1)|β¯|+|α||β¯|hβ¯α ,(5.3)
ω(eα¯, eβ) =
1
2i
(−1)|α¯|hα¯β , ω(eα, eβ¯) = −
1
2i
(−1)|β¯|+|α||β¯|hβ¯α ,(5.4)
with all other components vanishing. From 〈eα¯, eβ〉 = 〈eα+eα¯, eβ+eβ¯〉 and the fact that
eα + eα¯ is a real vector it follows that
(5.5) hα¯β = (−1)
1+(1+|α¯|)(1+|β|)hβ¯α .
By considering H as a space over R, C-linear operators are identified with R linear
operators commuting with Jˆ . In the basis eα, eα¯, this means that the matrix of such an
operator Aˆ is block-diagonal with only the diagonal blocks Aαβ and A
α¯
β¯
nonvanishing. The
fact that Aˆ is extended from H to HC by C-linearity implies that Aˆ maps real vectors to
real ones so that Aˆ(eα + eα¯) is again a real vector, which in turn implies that Aαβ = A
α¯
β¯
.
Associated to the basis elements eα, eβ¯, one then introduces variables Ψ
α,Ψα¯ with
|Ψα| = |Ψα¯| = |α| and gh(Ψα) = gh(Ψα¯) = −gh(eα) and considers G
C, the algebra of
complex valued functions in these variables. The complex conjugation in HC naturally
determines a complex conjugation in GC through Ψα = Ψα¯ so that the real elements of
G
C can then be identified with G. The symplectic form ω on HC determines a Poisson
bracket in GC determined by
(5.6) {Ψα,Ψβ¯} = 2ihαβ¯ , hα¯βh
βγ¯ = δα¯γ¯ .
The string field is then given by Ψ = Ψαeα +Ψ
α¯eα¯.
Appendix B: Dirac observables and cohomology of 〈Ψ, ΩˆΨ〉
Formally, one can assume that a real basis {ea} ≡ {ei, fm, gm} in the Hilbert space H is
chosen such that
(−JˆΩˆ)ei = 0 , (−JˆΩˆ)fm = gm , (−JˆΩˆ)gm = 0 .(B.1)
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The associated coordinates of the supermanifold are {Ψi} ≡ {Ξi,Υm,Φm}. On the one
hand, the differential {·,Ω} becomes
{·,Ω} =
∂R·
∂Φm
Υm ,(B.2)
so that H({·,Ω}) is isomorphic to the algebra of functions in Ξi alone. On the other
hand, the constraints are given by Υm ≈ 0. Antihermiticity and nilpotency of −JˆΩˆ
implies that the symplectic structure in the basis {ei, fm, gm} becomes
(B.3)

ωij ωim 0ωkj ω′km ωkn
0 ωlm 0

 ,
with both ωij and ωlm non degenerate. The inverse has the form
(B.4)

ω
ji 0 ω˜ni
0 0 ωnr
ω˜jp ωmp ω˜np

 ,
with both ωji and ωmp non degenerate. This implies that the adjoint action in the Poisson
bracket of the constraints Υm generate shifts in the Φm, which are thus coordinates
along the gauge orbits. Hence, equivalence classes of Dirac observables also correspond
to functions in Ξi alone.
Appendix C: Quantum BRST state cohomology of tensor prod-
ucts
Let {kα} and {KΛ} be bases over C in H1 and H2 respectively. Then the vectors
kαΛ = kα⊗KΛ provide a basis (over C) of the tensor product H1⊗CH2. Assume that in
the bases kα = {kθ, fγ , gγ} and KΛ = {KΘ, FΓ, GΓ}, the BRST charges Ωˆ1 and Ωˆ2 take
the Jordan form,
(C.1)
Ωˆ1kθ = 0 , Ωˆ1fm = gm , Ωˆ1gm = 0 ,
Ωˆ2KΘ = 0 , Ωˆ2FM = GM , Ωˆ2GM = 0 .
One then can check that the vectors
(C.2)
kθΘ = kθ ⊗KΘ
fγΓ = fγ ⊗ FΓ , f˜γΓ =
1
2
(gγ ⊗ FΓ − (−1)
|fγ |fγ ⊗GΓ) ,
f 0θΓ = kθ ⊗ FΓ , f
0
γΘ = fγ ⊗KΘ
gγΓ = gγ ⊗ FΓ + (−1)
|fγ |fγ ⊗GΓ , g˜γΓ = (−1)
|gγ |gγ ⊗GΓ ,
g0θΓ = (−1)
|kθ|kθ ⊗GΓ , g
0
γΘ = gγ ⊗KΘ
form a Jordan basis for ΩˆT . Hence, the cohomology of ΩˆT is the linear span over C of
kθΘ = kθ ⊗KΘ, so that H(ΩˆT ,HT ) = H(Ωˆ1,H1)⊗CH(Ωˆ2,H2).
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